PARITY BIASES IN PARTITIONS AND RESTRICTED PARTITIONS
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The tendency of partitions to have more parts of a par-
ticular parity than the other is often called parity bias.

Let go(n) (resp. ge(n)) denote the num-
ber of partitions of n with more odd parts
(resp. even parts) than even parts (resp.
odd parts) where the smallest part is at
least 2. Following are the partitions of 8
where the smallest part is at least 2:

8 6+2.54+3 444 4+2+2,
343422424242
S0, ¢,(8) = 2, and ¢.(8) = 5. That is

70(8) < qe(8). In fact, go(n) < ge(n) for
all n > 7.

Example:

A partition A of a non-negative integer n is an integer
sequence (A1, ..., Ap) such that Ay > A > - > Ay > 0
and Zle A = n. We say that A i1s a partition of n,
denoted by A F n and Zle A; = n. The set of partition
of n is denoted by P(n) and |P(n)| = p(n). For A
n, we define a(\) to be the largest part of A, £(\) to
be the total number of parts of A and mult)(\;) = m;
to be the multiplicity of the part A; in A. We also use
A= (A"...A)") as an alternative notation for partition.
JA¢) and p = m with p =

For A - n with A = (A, ...

(fe1, - .., py), define the union AU p = m + n to be the
partition with parts {\;, u,;} arranged in non-increasing
order. For a partition A = n, we split A into A, and A,
respectively into even and odd parts; i.e., A = A UA,. We
denote by £.(\) (resp. £,(\)) to be the number of even
parts (resp. odd parts) of A and £(\) = Le(A) + £,(N).
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),
(n) N D(n).
For a nonempty set S C Z>,
P°(n)={A € P.(n): \; ¢ S}
and P>(n):={\e€ P,(n): N\ ¢ S}.
For all the sets defined above, their cardinalities will
be denoted by the lower case letters. For instance,

P.(n)| = pe(n), |DQq(n)| = dg.(n) and so on.

Theorems

We prove the following theorems combinatorially:

Theorem 1 (Theorem 1, 2|). For all positive integers
n # 2, we have p,(n) > pe(n).

Theorem 2 (Conjectured, [2]). For all positive integers
n > 19, we have dy,(n) > d.(n).

Theorem 3. For all positive integers n > 7, we have
Qo(n) < qe(n).
Theorem 4. For all n > 1 we have py’ }( ) > pe }( ).

Theorem 5. If S = {1,2}, then for all integers n > 8§,
we have p2(n) > p2(n).

STechnische Universitiat Wien.
oedmanosij@gmail.com,

2020 Mathematics Subject Classification. 05A17, 05A20, 11P83.
Key words and phrases. Combinatorial inequalities, Partitions, Parity

of parts, Restricted Partitions.

Cardiff University
manjil@saikia.in

*Gonit Sora,
pankaj@gonitsora.com,

To prove the Theorem 1, we consider

Gln):={X € P.(n): L.(\) — l,(N\) =1 and a(\) =0 (mod 2)},
GY(n) = {\ € G'n): \3 > 3},
Gl(n) = {\ € P.(n) : LX) —ly(N\) =1 and a(\) =1 (mod 2)},
Go(n) == {X € P.(n) : Lo(X) = £o(N) > 2},

and G.(n) = Gln) U G(n).

We split the set G¢(n) into the parity of length of partition as Ge(n) = Gep(n) U
Gei(n) with Geg(n) = {A € Ge(n) : £(A) = 0 (mod 2)}, Ge1(n) = {\ € Ge(n) :
¢(A) =1 (mod 2)} and let G.(n) == Goo(n) U Gei(n) UG(n). Therefore,

P,(n)\ Ge(n) ={X € G)(n) : 0 < X3 < 2}.
We construct a map f : G.(n) — P,(n) by defining maps = f1, fle.,n) = fo
and f |G0(n) = f3 such that { f;}1<;<3 are injective with the followmg propertles

* filGep(n)) N fo(Gea(n)) =0,
o f1(G o(n)) N f3(G2n)) = 0, and
¢ [5(Gea(n)) N f3(GUn)) =0,

SO as to conclude the map f is injective. Then we will choose a subset P,(n) &

Po(n) \ f(Ge(n)) with [Py(n)| > |Pe(n) \ Ge(n)|

Problem 1. For all m > 6 we have dg,(2m) > dq.(2m), and
dg,(2m + 1) < dg.(2m + 1).

Problem 2. For all k > 2 we have py' }( ) > piF }( ) and pil’k}( ) > pst ( ), for

all n > N(k), for some constant N(k), depending on k. Moreover, it would be
worthwhile to understand the threshold N (k) asymptotically.
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